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Abstract
We prove an estimate of character sums. This bound and the method of solving multiplicative
ternary problems are used to obtain new results about the cardinality of an exceptional set of a
congruence problem modulo a prime p. In particular, we show that “almost all” residue classes
modulo p are representable in the form xy (modp), where max{x, y}  p 58+ε.
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1. Introduction
Let p be a prime number, (n) denote a nonprincipal character (mod p). For x1
we denote
S(x) =
∑
nx
(n).
It is very well known that nontrivial upper bound estimates for |S(x)| have many
important applications in Analytic Number Theory. It should be pointed out the ﬁrst
fundamental estimate of S(x) given in 1918 by Pólya [14] and Vinogradov [18]:
S(x) p1/2 log p.
Since ever many works have been devoted to bound S(x). For the details, we refer the
readers to [1,2,4,6–8,10,11] and the references therein.
In the present paper we continue dealing with an estimate of S(x). Our ﬁrst goal is,
for a given positive integer r and ε > 0, to establish the bound
S(x) x 1r p 12− 34r+ 14r2+ε, (1)
where the constants implicit in the Vinogradov symbol  here and further in the text
may depend only on r and ε.
Inequality (1) is a result of Vinogradov [17]. However, it seems that the proof in
[17] is not complete, since it is based on the inequality
∣∣∣∣∣∣
∑
B<nB+A
(n)e
2inX
p
∣∣∣∣∣∣ A1−
1
r p
1
4r+ 14r2+ε.
Although, for X = 0 the latter follows from the result of Burgess (see Lemma 1 below),
we do not know how to establish it for all integers X.
We shall prove (1) by a different approach. This and the method of Karatsuba [6] will
be used to obtain new estimates for the cardinality of the exceptional set in the problem
of representation of integers in the form xy (mod p) where x runs through the ﬁrst N
positive integers and y belongs to a set of certain cardinality (mod p). Similar problems
lately have been considered in a number of papers (see, for example, [3,5,12,15,16]).
2. Theorem 1 and the lemmas
Theorem 1. For any ε > 0 and integer r > 0 we have
S(x) x 1r p 12− 34r+ 14r2+ε.
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Our basic tool is the Burgess estimate which we state here as Lemma 1.
Lemma 1. For any A1, B0,
∣∣∣∣∣∣
∑
B<nB+A
(n)
∣∣∣∣∣∣ A1−
1
r p
1
4r+ 14r2+ε.
For the proof, see [2].
Lemma 2. For any A1, B0 and integer X, 0Xp − 1, we have
∣∣∣∣∣∣
∑
B<nB+A
(n)e
2inX
p
∣∣∣∣∣∣ A1−
1
r p
1
4r+ 14r2+ε
(
AX
p
+ 1
)
.
Proof. For a given integer u > B set
Su =
∑
B<nu
(n).
By the Abel transformation
∑
B<nB+A
(n)e
2inX
p =
∑
B<nB+A−1
e
2inX
p (1− e 2iXp )Sn + e
2i(B+A)X
p SB+A.
Therefore, applying Lemma 1, we obtain
∣∣∣∣∣∣
∑
B<nB+A
(n)e
2inX
p
∣∣∣∣∣∣ A| sin(X/p)|A1−
1
r p
1
4r+ 14r2+ε + A1− 1r p 14r+ 14r2+ε,
which is just the statement of Lemma 2. 
Lemma 3. Let
() =
∑
1np
(n)e
2in
p .
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Then
(¯)(n) =
∑
1mp−1
¯(m)e
2imn
p
and
|(¯)| = p1/2.
For the proof of Lemma 3 see, for example, [9, pp. 107–108].
3. Proof of Theorem 1
For r = 1 the inequality of Theorem 1 is trivial. Besides, Theorem 1 for x >
p
3
4 follows from the Pólya–Vinogradov estimate, and for x < p 14 it follows from
Lemma 1. Therefore, we may suppose that r2 and
p
1
4 < x < p
3
4 .
By Lemma 3,
|S(x)| = 1
p1/2
∣∣∣∣∣∣∣
∑
nx
∑
0<|m| p−12
¯(m)e
2imn
p
∣∣∣∣∣∣∣ .
Therefore, if we prove that
S :=
∑
0nx
∑
0<m p−12
¯(m)e
2imn
p  x1/rp1− 34r+ 14r2+ε,
then we are done.
We can write
S = S′ + S′′, (2)
where
S′ =
∑
0nx
∑
mp/x
¯(m)e
2imn
p
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and
S′′ =
∑
0nx
∑
p/x<m p−12
¯(m)e
2imn
p .
To bound S′, we apply Lemma 2, and then obtain
S′  (p/x)1− 1r p 14r+ 14r2+ε
(
(p/x)x
p
+ 1
)
x,
whence
S′  x1/rp1− 34r+ 14r2+ε. (3)
Now we treat S′′. Summation over n gives
S′′ = −T1 + T2, (4)
where
T1 =
∑
p/x<m p−12
¯(m)
1
e
2im
p − 1
(5)
and
T2 =
∑
p/x<m p−12
¯(m)e
2im(x+1)
p
1
e
2im
p − 1
. (6)
To estimate T1, we apply in (5) the Abel transformation. It yields
T1 =
∑
p/x<m p−12
Sm
(
1
e
2im
p − 1
− 1
e
2i(m+1)
p − 1
)
+
Sp−1
2
e
i(p+1)
p − 1
,
where
Su =
∑
p/x<mu
¯(m).
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Note that
∣∣∣∣∣ 1
e
2im
p − 1
− 1
e
2i(m+1)
p − 1
∣∣∣∣∣ =
| sin 
p
|
2| sin m
p
|| sin (m+1)
p
| 
p
m2
(7)
and that for Sm we have, according to Lemma 1, the estimate
Sm  m1− 1r p
1
4r+ 14r2+ε.
Therefore,
T1 
∑
p/x<m p−12
1
m1+ 1r
p
1+ 14r+ 14r2+ε + p 12+ε  x1/rp1− 34r+ 14r2+ε. (8)
We proceed to estimate T2. If we set
S′u =
∑
p/x<mu
¯(m)e
2im(x+1)
p
then, using the Abel transformation, we ﬁnd from (6)
T2 = T ′2 + T ′′2 + T ′′′2, (9)
where
T ′2 =
∑
p/x<m2p/x
S′m
(
1
e
2im
p − 1
− 1
e
2i(m+1)
p − 1
)
, (10)
T ′′2 =
∑
2p/x<m p−12
S′m
(
1
e
2im
p − 1
− 1
e
2i(m+1)
p − 1
)
(11)
and
T ′′′2 =
S′p−1
2
e
i(p+1)
p − 1
 p 12+ε. (12)
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For T ′2 we have, due to Lemma 2 and (7),
T ′2 
∑
p/x<m2p/x
m1−
1
r p
1
4r+ 14r2+ε
(
mx
p
+ 1
)
p
m2
,
whence
T ′2  x1/rp1−
3
4r+ 14r2+ε. (13)
In order to estimate T ′′2 , we recall that
S′m =
∑
p/x<km
¯(k)e
2ik(x+1)
p .
Therefore, if m > 2p/x, then the summation over k we can split into ≈ mx/p sums of
length ≈ p/x. Each of these sums we estimate using Lemma 2 with A ≈ p/x. Hence
S′m 
mx
p
(
(p/x)1−
1
r p
1
4r+ 14r2+ε
(
(p/x)x
p
+ 1
))
 mx 1r p− 34r+ 14r2+ε.
We combine this and (7) in (11), and conclude that
T ′′2 
∑
p/x<m p−12
p|S′m|
m2
 x1/rp1− 34r+ 14r2+ε. (14)
Theorem 1 now follows from (2–4), (8), (9), (12) and (13). 
4. Exceptional set of a congruence problem
Let p be a large prime parameter, and denote
H = {xy (mod p) : 1xN, y ∈ Y },
where Y is a subset of residue classes (mod p) with |Y | elements. We also set
A = {xy (mod p) : 1x, yN},
which is a particular case of H when the set Y coincides with the set of the ﬁrst N
positive integers. From [5,15] it follows that if N > p 23+ε for some ε > 0, then almost
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all residue classes (mod p) belong to A. More precisely, there exists  = (ε) > 0 such
that
#{a (mod p) : a ∈ A}  p1−. (15)
Theorem 2. For any ε > 0 and integer r > 0,
#{h (mod p) : h ∈ H }  p
3− 32r+ 12r2+ε
N2− 2r |Y |
. (16)
As a corollary we have that if |Y | = N > p 23− 1192+ε, then almost all residue
classes (mod p) belong to H. This follows from (16) by taking r = 6.
Proof. We will follow the ideas of the proof of the Theorem from [6] which can be
tractated as a method of solving ternary multiplicative problems. Using this method,
for example, Petechuk [13] obtained an asymptotic formula for the sum k(n) over
nx, n belongs to an arithmetical progression with difference D,Dx3/8−ε, D is a
power of a ﬁxed odd prime.
Let H1 denote the complement of H in the reduced residue system, and let |H1| be
its cardinality. Then for h ∈ H1 the congruence
xy ≡ h (mod p)
has no solutions in integers x, y subject to the restrictions 1xN and y ∈ Y.
Therefore,
1
p − 1
∑

∑
xN
∑
y∈Y
∑
h∈H1
(xyh−1) = 0,
where the outer summation is taken over the set of all characters (mod p). Picking up
the term corresponding to the principal character  = 0 we obtain
N |Y ||H1|
p − 1 
1
p − 1
∑
=0
∣∣∣∣∣∣
∑
xN
(x)
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
y∈Y
(y)
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
h∈H1
(h−1)
∣∣∣∣∣∣ .
From Theorem 1, for nonprincipal characters , we have
∣∣∣∣∣∣
∑
xN
(x)
∣∣∣∣∣∣ N
1
r p
1
2− 34r+ 14r2+
ε
2 .
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On the other hand
∑
 =0
∣∣∣∣∣∣
∑
y∈Y
(y)
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
h∈H1
(h−1)
∣∣∣∣∣∣ 

∑

∣∣∣∣∣∣
∑
y∈Y
(y)
∣∣∣∣∣∣
2


1/2
∑

∣∣∣∣∣∣
∑
h∈H1
(h−1)
∣∣∣∣∣∣
2


1/2
= (p − 1)|Y |1/2|H1|1/2.
Therefore,
N |Y ||H1|
p
 N 1r p 12− 34r+ 14r2+ ε2 |Y |1/2|H1|1/2,
whence
|H1|  p
3− 32r+ 12r2+ε
N2− 2r |Y |
.
Theorem 2 is proved. 
In particular, inequality (15) holds for N > p 23− 1192+ε. Still better estimate than this
can be obtained using the method of the aforementioned work [6].
Theorem 3. If for xQ = Q(p)→+∞, p →+∞, the inequality
S(x) x,  = (p)→ 0
holds true, then for N√pQ we have
#{h (mod p) : h ∈ A}  p2 log2 p.
Since
S(x) xp−0.01ε2
for xp 14+ε, 0 < ε < 0.01, then
#{h (mod p) : h ∈ A}  p1−0.01ε2
provided Np 58+ ε2 (see, also, the end of Section 14 of Karatsuba [10]).
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To prove Theorem 3, ﬁrst we note that
∑
np
′(n)2  p log2 p,
where ′(n) is the number of solutions of the equation
x2y = n
in positive integers x2, y restricted by the conditions x2p/N, yN. Then we write
x = x1x2 and consider the congruence
x1(x2y) ≡ h (mod p),
where x1Q, x2p/N and yN. Since x = x1x2N, this congruence has no
solutions for h ∈ A. Introducing u = x2y and applying the method of Karatsuba [6]
we easily obtain Theorem 3.
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